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This paper presents a three-dimensional (3D) formation controller for two unmanned aerial
vehicles (UAVs) in the presence of wind. The relative dynamics of the leader-follower UAV team
is derived based on a local-level spherical coordinate frame using only the local information,
i.e., the relative distance between the two UAVs, the azimuth and elevation angles from both
the leader’s and the follower’s viewpoints, respectively. A formation controller is then derived
using the Lyapunov-based backstepping technique that enables the tracking error of the leader-
follower UAVs to exponentially converge to zero. The observability analysis was conducted and
an extended Kalman filter was developed to estimate the wind difference between the leader
and follower UAVs. The performance of the proposed formation control law is examined in
simulation.

I. Nomenclature

r = line-of-sight vector from leader to follower, m
ρ = reciprocal of r , 1/m
` = subscript indicating leader
f = subscript indicating follower
Va = UAV airspeed, represented by the velocity with respect to the surrounding air, m/s
Vg = ground speed, represented by the velocity with respect to the inertial frame, m/s
Vw = wind velocity relative to the inertial frame, m/s
γ = flight path angle, the angle between the horizontal plane and the ground velocity vector Vg, radian
γa = air-mass-referenced flight-path angle, the angle from the inertial North-East plane to Va, radian
χ = course angel, radian
ψ = heading (yaw) angle, the angle between North and the UAV body x-axis, radian
η f = follower azimuth angle, radian
ηl = leader azimuth angle, radian
ξl = elevation angle of the follower with respect to the leader in leader’s vehicle-1 frame, radian
ξ f = elevation angle of the leader with respect to the follower in follower’s vehicle-1 frame, radian
wl∗ = wind disturbance affecting the leadaer UAV in 3 directions (∗), north (n), east (e) and down (d), m/s
w f ∗ = wind disturbance affecting the follower UAV in 3 directions (∗), north (n), east (e) and down (d), m/s
V c
∗ = air speed command, m/s
φc∗ = roll angle command, radian
γca∗ = air-mass-referenced flight-path angle command, radian
R∗ = rotation matrix
rd = desired line-of-sight vector from leader to follower, m
ηd
f

= desired follower azimuth angle, radian
ξd
f

= desired elevation angle of the leader with respect to the follower in follower’s vehicle-1 frame, radian
k1, k2 = constant control gains
p∗ = inertial position of the (∗) leader or follower UAV, m.

∗Ph.D. student, Department of Mechanical and Aerospace Engineering, Jett Hall Rm. 104, 1040 S. Horseshoe Street, Las Cruces, NM 88003.
†MSc student, Klipsch School of Electrical and Computer Engineering, Thomas & Brown Hall, 1125 Frenger Mall, Las Cruces, NM 88003.
‡Assistant Professor, Department of Mechanical and Aerospace Engineering, Jett Hall Rm. 104, 1040 S. Horseshoe Street, Las Cruces, NM

88003. AIAA Senior Member.

1

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
G

L
A

SG
O

W
 o

n 
Ju

ly
 1

2,
 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/6

.2
02

0-
08

78
 

 AIAA Scitech 2020 Forum 

 6-10 January 2020, Orlando, FL 

 10.2514/6.2020-0878 

 Copyright © 2020 by the American Institute of Aeronautics and Astronautics, Inc. All rights reserved. 

 

 AIAA SciTech Forum 

http://crossmark.crossref.org/dialog/?doi=10.2514%2F6.2020-0878&domain=pdf&date_stamp=2020-01-05


II. Introduction
Cooperative control (e..g, formation control, collision avoidance, etc.) for unmanned systems (e.g., self-driving

automobiles, unmanned aerial vehicles (UAVs), and autonomous underwater vehicles (AUVs) ) has gained more
and more attention in research efforts due to its practical capability in diverse applications, such as self-driving car
platoons [1–6], mobile agent formations [7], and platoons of autonomous underwater vehicles [8–11]. Besides these
two-dimensional (2D) applications, formation control techniques for three-dimensional (3D) applications have also
been explored [12–21]. However, almost all existing techniques for 3D formation control rely on global information
sharing (e..g, the inertial coordinates of vehicles), which is subject to limited communication bandwidth, high power
consumption of the Global Positioning System (GPS), together with high cost of accurate GPS devices, interference of
GPS signals in congested environments (e.g., urban landscapes), and extra payload. These practical challenges call for
3D formation-control techniques that only use local information.

In the previous study for 3D global-information-based leader-follower formation control, Xuan-Mung and Kyung
Hong [22] presented a robust adaptive formation controller based on a nonlinear model of the formation error dynamics.
It considered both the relative position in the horizontal plane and the relative heading angle in the presence of
uncertainties. Rafifandi et al. [23] reported the design and implementation of a leader-follower formation controller for
two quadcopter UAVs with a ground station dictating a prescribed path for the leader. They developed a position tracking
and a formation controllers with an accuracy of 50–115 cm. A centralized LQR-PI leader-follower formation controller
for three quadcopters is proposed in [24], where the path of the leader is set as the two followers’ desired paths.

Techniques based on the local-level frame or line-of-sight (LOS) frame have been reported in the literature [25–28].
In [26], a local-level spherical frame was used to develop a vision-based algorithm for a constant-speed UAV to avoid
multiple stationary obstacles. The authors in [27, 28] developed formation controllers for a leader-follower UAV team to
maintain a predefined 3D formation using local information only.

Previous studies for 3D formation control primarily assume absence of wind disturbances or a uniform wind field in
the environment. To the best of our knowledge, no work has been reported that addresses all three challenges of 3D
formation control: (1) converging to a 3D formation, (2) using only local information, and (3) considering generalized
wind disturbances. This paper aims to fill this gap.

The contribution of this paper includes (1) a complete rigorous mathematical derivation of the relative dynamics of a
leader-follower UAV team using a local-level spherical coordinate frame by taking wind disturbances into consideration,
(2) a formation control law based on the backstepping technique, and (3) an estimator for wind-related terms in the
derived relative dynamics. Simulations were conducted to verify the derived relative dynamics and the performance of
the controller and estimator.

The remainder of this paper is structured as follows. The derivation of the relative dynamics is introduced in III.
The wind estimation technique is presented in Section IV, followed by the observability analysis in Section V. The
development of the formation controller and simulation results are presented in Sections VI and VII, respectively.
Section VIII concludes the paper.

III. Derivation of the Relative Dynamics

A. Local-Level Frame
The local level frame is a body-centered relative coordinate system [29], where the x-axis points out of the nose

of the unpitched vehicle frame, the y axis points out of the right wing of the un-rolled vehicle frame, and the z axis
points down forming a right-handed coordinate system. The local level frame and associated symbols are defined and
illustrated in Figs. 1, 2, and 3.

B. Derivation of Relative Dynamics
The line of sight LOS vector is given by

ρi = p` − p f . (1)

The velocities of the leader and follower UAVs are

ṗ` =
*...
,

Va` cos γa` cosψa`

Va` cos γa` sinψa`

−Va` sin γa`

+///
-

+
*...
,

w`n

w`e

w`d

+///
-

, (2)
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Fig. 1 Three-dimensional relative dynamics of a leader-follower unmanned aerial vehicle system based on a
local level spherical coordinate frame.

Fig. 2 2D relative lateral dynamics of a leader-follower unmanned aerial vehicle system.
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Fig. 3 2D relative longitudinal dynamics of a leader-follower unmanned aerial vehicle system.

ṗ f =
*...
,

Vaf cos γaf cosψaf

Vaf cos γaf sinψaf

−Vaf sin γaf

+///
-

+
*...
,

w f n

w f e

w f d

+///
-

. (3)

The time derivative of the LOS vector, ρ̇, is then given by

ρ̇i = ṗ` − ṗ f (4)

=
*...
,

Va` cos γa` cosψ` − Vaf cos γaf cosψ f + (w`n − w f n)
Va` cos γa` sinψ` − Vaf cos γaf sinψ f + (w`e − w f e)

−Va` sin γ` + Vaf sin γaf + (w`d − w f d)

+///
-

. (5)

The rotation matrix that rotates a vector from the inertial frame into the LOS frame, i.e., the rotation about the body-y
and body-z axes, is given by

RLOS
i = RyRz, (6)

where

Ry =
*...
,

cos ξ f 0 − sin ξ f
0 1 0

sin ξ f 0 cos ξ f

+///
-

, (7)

and

Rz =
*...
,

cos
(
ψ f + η f

)
sin
(
ψ f + η f

)
0

− sin
(
ψ f + η f

)
cos
(
ψ f + η f

)
0

0 0 1

+///
-

. (8)

Then we have

RLOS
i =

*...
,

cos ξ f cos
(
ψ f + η f

)
cos ξ f sin

(
ψ f + η f

)
− sin ξ f

− sin
(
ψ f + η f

)
cos
(
ψ f + η f

)
0

sin ξ f cos
(
ψ f + η f

)
sin ξ f sin

(
ψ f + η f

)
cos ξ f

+///
-

. (9)

The LOS rate, expressed in the LOS frame, is given by

ρ̇LOS = RLOS
i ρ̇i . (10)

Since we have
∆wn = w`n − w f n, (11)
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∆we = w`e − w f e, (12)

∆wd = w`d − w f d, (13)

and ξ f = −ξ` , we can obtain

ρ̇LOS(1) = −Va` (sin γa` sin ξ` + cos γa` cos ξ` cos η` ) (14)

− Vaf

(
sin γaf sin ξ f + cos γaf cos ξ f cos η f

)
+ cos ξ f

(
∆wn cos

(
ψ f + η f

)
+ ∆we sin

(
ψ f + η f

))
− ∆wd sin ξ f ,

ρ̇LOS(2) = Va` cos γa` sin η` (15)
+ Vaf cos γaf sin η f

− ∆wn sin
(
ψ f + η f

)
+ ∆we cos

(
ψ f + η f

)
,

ρ̇LOS(3) = Va` (cos γa` sin ξ` cos η` − sin γa` cos ξ` ) (16)

+ Vaf

(
sin γaf cos ξ f − cos γaf sin ξ f cos η f

)
+ ∆wn sin ξ f cos

(
ψ f + η f

)
+ ∆we sin ξ f sin

(
ψ f + η f

)
+ ∆wd cos ξ f .

In the LOS frame, the radial and tangential components in the lateral and longitudinal directions are defined as

ρ̇LOS ,



ρ̇r

ρ̇lat

ρ̇lon



. (17)

From the dynamics shown in Fig. 1, the change in the LOS vector in the radial direction ρ̇r, lateral tangential direction
ρ̇lat , and the longitudinal tangential direction ρ̇lon can be expressed as



ρ̇r

ρ̇lat

ρ̇lon



=



ṙ
r cos ξ f

(
ψ̇ f + η̇ f

)
−r
(
ξ̇ f
)



. (18)

Using the aforementioned relationships and expressions, we can obtain

ṙ = −Va` (sin γa` sin ξ` + cos γa` cos ξ` cos η` ) (19)

− Vaf

(
sin γaf sin ξ f + cos γaf cos ξ f cos η f

)
+ cos ξ f

(
∆wn cos

(
ψ f + η f

)
+ ∆we sin

(
ψ f + η f

))
− ∆wd sin ξ f ,

η̇ f =
1

r cos ξ f

(
Va` cos γa` sin η` + Vaf cos γaf sin η f

)
(20)

+
1

r cos ξ f

(
−∆wn sin

(
ψ f + η f

)
+ ∆we cos

(
ψ f + η f

))
− ψ̇ f ,

η̇` =
1

r cos ξ`

(
Va` cos γa` sin η` + Vaf cos γaf sin η f

)
(21)

+
1

r cos ξ`

(
−∆wn sin

(
ψ f + η f

)
+ ∆we cos

(
ψ f + η f

))
− ψ̇`,
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ξ̇ f = −
Va`

r
(cos γa` sin ξ` cos η` − sin γa` cos ξ` ) (22)

−
Vaf

r

(
sin γaf cos ξ f − cos γaf sin ξ f cos η f

)
−

1
r

(
∆wn sin ξ f cos

(
ψ f + η f

)
+ ∆we sin ξ f sin

(
ψ f + η f

)
+ ∆wd cos ξ f

)
.

Letting ρ = 1
r , then ṙ = − 1

ρ2 ρ̇, we have

ρ̇ = ρ2Va` (sin γa` sin ξ` + cos γa` cos ξ` cos η` ) (23)

+ ρ2Vaf

(
sin γaf sin ξ f + cos γaf cos ξ f cos η f

)
−ρ2 cos ξ f

(
∆wn cos

(
ψ f + η f

)
+ ∆we sin

(
ψ f + η f

))
+ ρ2
∆wd sin ξ f ,

η̇ f =
ρ

cos ξ f

(
Va` cos γa` sin η` + Vaf cos γaf sin η f

)
(24)

+
ρ

cos ξ f

(
−∆wn sin

(
ψ f + η f

)
+ ∆we cos

(
ψ f + η f

))
− ψ̇ f ,

η̇` =
ρ

cos ξ`

(
Va` cos γa` sin η` + Vaf cos γaf sin η f

)
(25)

+
ρ

cos ξ`
(−∆wn sin (ψ` + η` ) + ∆we cos (ψ` + η` )) − ψ̇`,

ξ̇ f = −ρVa` (cos γa` sin ξ` cos η` − sin γa` cos ξ` ) (26)

− ρVaf

(
sin γaf cos ξ f − cos γaf sin ξ f cos η f

)
− ρ
(
∆wn sin ξ f cos

(
ψ f + η f

)
+ ∆we sin ξ f sin

(
ψ f + η f

)
+ ∆wd cos ξ f

)
.

IV. Wind Estimation
To estimate the wind terms in Eqns. (23) to (26), we develop an extended Kalman filter (EKF) in this section,

followed by the observability analysis in Section V.

A. Extended Kalman Filter (EKF)
The EKF for wind speed estimation is summarized in Algorithm 1. In a nutshell, the EKF is an iterative process

using sequential noisy measurements (y), a priori knowledge of the state (x̂), system inputs (u), and the physical models
( f and h) to update a state estimation and its covariance matrix (P). The EKF keeps predicting the state until the
measured sensor data are available. Then, the EKF compares the predicted output (h ( x̂, u)) to the actual sensor data (y)
and corrects the state estimation accordingly.

The system dynamics model ( f ) represents how the states evolve over time given the inputs u and the system state
in the previous time step. In the prediction step, the system dynamics model is directly used to produce a prediction
of the states (line 5). The covariance matrix is predicted by using the Jacobian matrix (A), which is calculated by
performing the partial derivative of the system dynamics with respect to the state vector (line 6). Matrix A is then used
to update the covariance matrix (P) of the estimation error (line 7) [30], associated with the covariance matrix (Q) of
the system process noise, which is generally unknown and therefore becomes a system gain that can be tuned to improve
the performance of the EKF [30].

In the measurement step, matrix C is calculated by taking the partial derivative of the system output function (h)
with respect to the state vector (line 10). Matrix C is used to compute the optimal Kalman Gain Li (line 11), used to
decide how much of the new measurement (yi) will contribute to the update of the covariance (line 12) and the state
estimation (line 13). A large Kalman Gain implies that sensor measurements are more accurate.
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Algorithm 1 Continuous-Discrete Extended Kalman Filter [30]
1: Initialize: x̂ = 0.
2: Pick an output sample rate Tout , which is much less than the sample rates of the sensors.
3: At each sample time Tout :
4: for i = 1 to N {Prediction Step} do
5: x̂ = x̂ +

(
Tout

N

)
f ( x̂, u)

6: A = ∂ f
∂x ( x̂, u)

7: P = P +
(
Tout

N

) (
AP + PAT +Q

)
8: end for
9: if Measurement has been received from sensor i {Measurement Update} then
10: Ci =

∂hi
∂x ( x̂, u[n])

11: Li = PCT
i

(
Ri + CiPCT

i

)−1

12: P = (I − LiCi) P
13: x̂ = x̂ + Li (yi[n] − h ( x̂, u[n]))
14: end if

B. Wind Estimation Using EKF
In this section, the superscript “e” is used to denote all variables related to estimation. The state vector, xe ∈ R7, is

defined as

xe ,
(
ρ, η`, η f , ξ f ,∆ωn,∆ωe,∆ωd

)T
, (27)

and the system dynamics is given by

ẋe = f
(
xe
)
,

[
ρ̇ η̇` η̇ f ξ̇ f 0 0 0

]T
. (28)

The output vector is defined by
ye , h

(
xe
)
=
(
xe1, xe2, xe3, xe4

)T
. (29)

Then, matrix C is given by

C =
∂h
∂xe
=



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0



, (30)

and matrix A is calculated by

A =
∂ f
∂xe
= [Ai j] =



A11 A12 A13 A14 A15 A16 A17

A21 A22 A23 0 A25 A26 0
A31 A32 A33 A34 A35 A36 0
A41 A42 A43 A44 A45 A46 A47

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0



, (31)

where

A11 =
∂ f1
∂xe1
= 2xe1 x7 sin

(
xe4
)
− 2x1 cos

(
xe4
) (

x5 cos
(
ψ f + xe3

)
+ x6 sin

(
ψ f + xe3

))
+ 2Vaf xe1

(
sin
(
γaf
)

sin
(
xe4
)
+ cos

(
γaf
)

cos
(
xe3
)

cos
(
xe4
))

+ 2Val xe1
(
sin (γa` ) sin (ξ` ) + cos (γa` ) (γa` ) cos

(
xe2
)

cos (ξ` )
)
,

A12 =
∂ f1
∂xe2
= −Val xe2

1 cos (γa` ) cos (ξ` ) sin
(
xe2
)
,
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A13 =
∂ f1
∂xe3
= −xe2

1 cos
(
xe4
) (

xe6 cos
(
ψ f + xe3

)
− x5 sin

(
ψ f + xe3

))
− Vaf xe2

1 cos
(
γaf
)

cos
(
xe4
)

sin
(
xe3
)
,

A14 =
∂ f1
∂xe4
= xe2

1 xe7 cos
(
xe4
)
+ xe2

1 sin
(
xe4
) (

xe5 cos
(
ψ f + xe3

)
+ xe6 sin

(
ψ f + xe3

))
+ Vaf xe2

1

(
sin
(
γaf
)

cos
(
xe4
)
− cos

(
γaf
)

cos
(
xe3
)

sin
(
xe4
))
,

A15 =
∂ f1
∂xe5
= −xe2

1 cos
(
ψ f + xe3

)
cos
(
xe4
)
,

A16 =
∂ f1
∂xe6
= −xe2

1 sin
(
ψ f + xe3

)
cos
(
xe4
)
,

A17 =
∂ f1
∂xe7
= xe2

1 sin
(
xe4
)
,

A21 =
∂ f2
∂xe1
= 1

cos(ξ` )
(
xe6 cos

(
ψ` + xe2

)
− xe5 sin

(
ψ` + xe2

))
+ 1

cos(ξ` )
(
Vaf cos

(
γaf
)

sin
(
xe3
)
+ Val cos (γa` ) sin

(
xe2
))
,

A22 =
∂ f2
∂xe2
= 1

cos(ξ` )
(
Val xe1 cos (γa` ) cos

(
xe2
))
− 1

cos(ξ` )
(
xe1
(
xe5 cos

(
ψ` + xe2

)
+ xe6 sin

(
ψ` + xe2

)))
,

A23 =
∂ f2
∂xe3
=

Va f x
e
1 cos(γa f ) cos

(
xe3

)
cos(ξ` ) ,

A25 =
∂ f2
∂xe5
= −

x1 sin(ψ`+x
e
2 )

cos(ξ` ) ,

A26 =
∂ f2
∂xe6
=

xe1 cos(ψ`+x
e
2 )

cos(ξ` ) ,

A31 =
∂ f3
∂xe1
= 1

cos xe4

(
xe6 cos

(
ψ f + xe3

)
− xe5 sin

(
ψ f + xe3

))
+ 1

cos xe4

(
Vaf cos

(
γaf
)

sin(xe3 ) + Val cos (γa` ) sin
(
xe2
))
,

A32 =
∂ f3
∂xe2
=

Val x
e
1 cos(γa` ) cos(xe2 )

cos xe4
,

A33 =
∂ f3
∂xe3
=

Va f x
e
1 cos(γa f ) cos

(
xe3

)
cos xe4

− 1
cos x4

(
xe1
(
xe5 cos

(
ψ f + xe3

)
+ xe6 sin

(
ψ f + xe3

)))
,

A34 =
∂ f3
∂xe4
= 1

cos2 xe4

(
xe1 sin

(
xe4
) (

Vaf cos
(
γaf
)

sin
(
xe3
)
+ Val cos (γa` ) sin

(
xe2
)))

+ 1
cos2 xe4

(
xe1 sin

(
xe4
) (

xe6 cos
(
ψ f + xe3

)
− xe5 sin

(
ψ f + xe3

)))
,

A35 =
∂ f3
∂xe5
= −

xE
1 sin

(
ψf +x

e
3

)
cos xe4

,

A36 =
∂ f3
∂xe6
=

xe1 cos
(
ψf +x

e
3

)
cos xe4

,

A41 =
∂ f4
∂xe1
= Val

(
sin (γa` ) cos (ξ` ) − cos (γa` ) cos

(
xe2
)

sin (ξ` )
)

− xe5 cos
(
ψ f + xe3

)
sin
(
xe4
)
− xe6 sin

(
ψ f + xe3

)
sin
(
xe4
)

− Vaf

(
sin
(
γaf
)

cos(xe4 ) − cos
(
γaf
)

cos
(
xe3
)

sin
(
xe4
))
− xe7 cos

(
xe4
)
,

A42 =
∂ f4
∂xe2
= Val xe1 cos (γa` ) sin

(
xe2
)

sin (ξ` ) ,
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A43 =
∂fe4
∂xe3
= −xe1

(
xe6 cos

(
ψ f + xe3

)
sin
(
xe4
)
− xe5 sin

(
ψ f + xe3

)
sin
(
xe4
))

− Vaf xe1 cos
(
γaf
)

sin
(
xe3
)

sin
(
xe4
)
,

A44 =
∂ f4
∂xe4
= Vaf xe1

(
sin
(
γaf
)

sin
(
xe4
)
+ cos

(
γaf
)

cos
(
xe3
)

cos
(
xe4
))

− xe1
(
xe5 cos

(
ψ f + xe3

)
cos
(
xe4
)
− xe7 sin

(
xe4
)
+ xe6 sin

(
ψ f + xe3

)
cos
(
xe4
))
,

A45 =
∂ f4
∂xe5
= −xe1 cos

(
ψ f + xe3

)
sin
(
xe4
)
,

A46 =
∂ f4
∂xe6
= −xe1 sin

(
ψ f + xe3

)
sin
(
xe4
)
,

A47 =
∂ f4
xe7
= −xe1 cos

(
xe4
)
.

V. Observability Analysis
The observability of a system refers to whether a system state can be found using specified system outputs in a finite

time. In other words, the “ability to perform state estimation depends on whether sufficient measurements are well
distributed throughout the system” [31, 32]. So the external outputs can be used to find the hidden states of the entire
system if the system is observable. The observability matrix of the nonlinear system, described by Equations (28)
and (29) is defined by

O ,
[

∂L0
f
h

∂x

∂L1
f
h

∂x

∂L2
f
h

∂x

∂L3
f
h

∂x

∂L4
f
h

∂x

∂L5
f
h

∂x

∂L6
f
h

∂x

]T
, (32)

where L0
f
h = h and Ln

f
h =

∂Ln−1
f

h

∂x f . Then, we have

L1
f h =

∂L0
f
h

∂x
f =

∂h
∂x

f , (33)

where

∂h
∂x
=



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0



. (34)

We can also obtain

L2
f h =

∂L1
f h

∂x
f , (35)

where

∂L1
f h

∂x
=



∂1
f
fe1

∂xe1

∂1
f
fe1

∂xe2

∂1
f
fe1

∂xe3

∂1
f
fe1

∂xe4
−xe2

1 cos
(
ψ f + x3

)
cos
(
xe4
)

xe2
1 sin

(
ψ f + x3

)
cos
(
xe4
)

xe2
1 sin(xe4 )

∂1
f
fe2

∂xe1

∂1
f
fe2

∂xe2

∂1
f
fe2

∂xe3

∂1
f
fe2

∂xe4
−

xe1 sin(ψf +x3)
cos
(
xe4

) xe1 cos(ψf +x3)
cos
(
xe4

) 0
∂1
f
fe3

∂xe1

∂1
f
fe3

∂xe2

∂1
f
fe3

∂xe3

∂1
f
fe3

∂xe4
−

xe1 sin(ψ`+x2)
cos(ξ` )

xe1 cos(ψ`+x2)
cos(ξ` ) 0

∂1
f
fe4

∂xe1

∂1
f
fe4

∂xe2

∂1
f
fe4

∂xe3

∂1
f
fe4

∂xe4
−xe1 cos

(
ψ f + x3

)
sin
(
xe4
)
−xe1 sin

(
ψ f + x3

)
sin
(
xe4
)
−xe1 cos

(
xe4
)


(36)
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The first eight rows of matrix O form a new matrix, O′, which is given by

O′ ,



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0

∂1
f
fe1

∂xe1

∂1
f
fe1

∂xe2

∂1
f
fe1

∂xe3

∂1
f
fe1

∂xe4
−xe2

1 cos
(
ψ f + x3

)
cos
(
xe4
)

xe2
1 sin

(
ψ f + x3

)
cos
(
xe4
)

xe2
1 sin(xe4 )

∂1
f
fe2

∂xe1

∂1
f
fe2

∂xe2

∂1
f
fe2

∂xe3

∂1
f
fe2

∂xe4
−

xe1 sin(ψf +x3)
cos
(
xe4

) xe1 cos(ψf +x3)
cos
(
xe4

) 0
∂1
f
fe3

∂xe1

∂1
f
fe3

∂xe2

∂1
f
fe3

∂xe3

∂1
f
fe3

∂xe4
−

xe1 sin(ψ`+x2)
cos(ξ` )

xe1 cos(ψ`+x2)
cos(ξ` ) 0

∂1
f
fe4

∂xe1

∂1
f
fe4

∂xe2

∂1
f
fe4

∂xe3

∂1
f
fe4

∂xe4
−xe1 cos

(
ψ f + x3

)
sin
(
xe4
)
−xe1 sin

(
ψ f + x3

)
sin
(
xe4
)
−xe1 cos

(
xe4
)


(37)

Excluding row 7 from matrix O′, we can obtain a new squared matrix

Ω ,



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0

∂1
f
fe1

∂xe1

∂1
f
fe1

∂xe2

∂1
f
fe1

∂xe3

∂1
f
fe1

∂xe4
−xe2

1 cos
(
ψ f + x3

)
cos
(
xe4
)

xe2
1 sin

(
ψ f + x3

)
cos
(
xe4
)

xe2
1 sin(xe4 )

∂1
f
fe2

∂xe1

∂1
f
fe2

∂xe2

∂1
f
fe2

∂xe3

∂1
f
fe2

∂xe4
−

xe1 sin(ψf +x3)
cos
(
xe4

) xe1 cos(ψf +x3)
cos
(
xe4

) 0
∂1
f
fe4

∂xe1

∂1
f
fe4

∂xe2

∂1
f
fe4

∂xe3

∂1
f
fe4

∂xe4
−xe1 cos

(
ψ f + x3

)
sin
(
xe4
)
−xe1 sin

(
ψ f + x3

)
sin
(
xe4
)
−xe1 cos

(
xe4
)



.

(38)
The determinant of Ω is

|Ω| =

(
xe1
)4

cos
(
xe4
) . (39)

Then, the system is observable, if |Ω| , 0, which implies that xe1 , 0 and xe4 ,
π
2 , i.e., ρ , 0 and ξ f , π

2 . Since ρ is the
inverse of the distance between the leader and follower UAVs, which is always nonzero, the system is observable if the
leader is not right above the follower.

VI. Formation Control Law
In this section, we consider a desired formation defined by rd (or ρd), ηd

f
, and ξd

f
that can be achieved by controlling

Vaf , η f , and γaf .

A. Controller Design
In this paper, the desired formation vector αd =

(
ρd, ηd

`
, ξd

f

)
is assumed constant, i.e., α̇ = 0. Defining

α =
*...
,

ρ

η`

ξ f

+///
-

(40)

we have
α̇ = f (α) + g · u, (41)

u ,
*...
,

V̇af

η̇ f

γ̇af

+///
-

. (42)
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Then, the tracking error dynamics can be obtained

eα = α − αd (43)

ėα = α̇ − α̇d (44)

= f (α) + g − α̇d (45)

Define a candidate Lyapunov function as

V1 ,
1
2
‖eα‖2 , (46)

and tts time derivative is

V̇1 = eTα ėα (47)

= eTα ( f (α) + g − α̇d). (48)

At this stage we consider f as a virtual control input to make V̇1 negative. We introduce a new error variable

z , −g + α̇d − k1eα − f , (49)
We have

f = α̇d − k1eα − g − z (50)
and

ėα = f + g − α̇d (51)
= −k1eα − z. (52)

Then we have

V̇1 = eTα ėα (53)
= eTα (−k1eα − z) (54)

= −eTα z − k1 ‖eα‖2 (55)

Consider an augmented Lyapunov function

V2 = V1 +
1
2
‖z‖2 (56)

which has the time derivative as

V̇2 = V̇1 + zT ż (57)
Since

ż = −
dg
dt
+ α̈d − k1ėα (58)

we have

V̇2 = eTα z − k1 ‖eα‖2 + zT (α̈d −
dg
dt
− k1ėα) (59)

= −k1 ‖eα‖2 + eTα z + zT (α̈d −
dg
dt
− k1ėα) (60)
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Let
dg
dt
=
∂g

∂α
α̇ +

∂g

∂u
u̇. (61)

where

∂g

∂α
, A =

*...
,

A11 A12 A13

A21 A22 A23

A31 A32 A33

+///
-

, (62)

∂g

∂u
, B =

*...
,

B11 B12 B13

B21 B22 B23

B31 B32 B33

+///
-

, (63)

with

A11 =
∂ ρ̇

∂ρ
= 2ρVa` (sin γa` sin ξ` + cos γa` cos ξ` cos η` ) (64)

+ 2ρVaf

(
sin γaf sin ξ f + cos γaf cos ξ f cos η f

)
−2ρ cos ξ f

(
∆wn cos

(
ψ f + η f

)
+ ∆we sin

(
ψ f + η f

))
+ 2ρ∆wd sin ξ f ,

A12 =
∂ ρ̇

∂η`
= −ρ2Va` (cos γa` cos ξ` sin η` ) , (65)

A13 =
∂ ρ̇

∂ξ f
= ρ2Va`

(
− sin γa` cos ξ f − cos γa` sin ξ f cos η`

)
(66)

+ ρ2Vaf

(
sin γaf cos ξ f − cos γaf sin ξ f cos η f

)
+ρ2 sin ξ f

(
∆wn cos

(
ψ f + η f

)
+ ∆we sin

(
ψ f + η f

))
+ ρ2
∆wd cos ξ f ,

A21 =
∂η̇ f

∂ρ
=

1
cos ξ f

(
Va` cos γa` sin η` + Vaf cos γaf sin η f

)
(67)

+
1

cos ξ f

(
−∆wn sin

(
ψ f + η f

)
+ ∆we cos

(
ψ f + η f

))
,

A22 =
∂η̇ f

∂η`
=

ρ

cos ξ f
(Va` cos γa` cos η` ) , (68)

A23 =
∂η̇ f

∂ξ f
=
ρ sin ξ f
cos2 ξ f

(
Va` cos γa` sin η` + Vaf cos γaf sin η f

)
(69)

+
ρ sin ξ f
cos2 ξ f

(
−∆wn sin

(
ψ f + η f

)
+ ∆we cos

(
ψ f + η f

))
,

A31 =
∂ξ̇ f

∂ρ
= −Va` (cos γa` sin ξ` cos η` − sin γa` cos ξ` ) (70)

− Vaf

(
sin γaf cos ξ f − cos γaf sin ξ f cos η f

)
−
(
∆wn sin ξ f cos

(
ψ f + η f

)
+ ∆we sin ξ f sin

(
ψ f + η f

)
+ ∆wd cos ξ f

)
,
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A32 =
∂ξ̇ f

∂η`
= ρVa` (cos γa` sin ξ` sin η` ) , (71)

A33 =
∂ξ̇ f

∂ξ f
= ρVa`

(
cos γa` cos ξ f cos η` − sin γa` sin ξ f

)
(72)

+ ρVaf

(
sin γaf sin ξ f + cos γaf cos ξ f cos η f

)
− ρ
(
∆wn cos ξ f cos

(
ψ f + η f

)
+ ∆we cos ξ f sin

(
ψ f + η f

)
− ∆wd sin ξ f

)
,

B11 =
∂ ρ̇

∂Vaf
= ρ2
(
sin γaf sin ξ f + cos γaf cos ξ f cos η f

)
, (73)

B12 =
∂ ρ̇

∂η f
= −ρ2Vaf

(
cos γaf cos ξ f sin η f

)
(74)

−ρ2 cos ξ f
(
−∆wn sin

(
ψ f + η f

)
+ ∆we cos

(
ψ f + η f

))
,

B13 =
∂ ρ̇

∂γaf
= ρ2Vaf

(
cos γaf sin ξ f − sin γaf cos ξ f cos η f

)
, (75)

B21 =
∂η̇ f

∂Vaf
=

ρ

cos ξ f

(
cos γaf sin η f

)
, (76)

B22 =
∂η̇ f

∂η f
=

ρ

cos ξ f

(
Vaf cos γaf cos η f

)
(77)

+
ρ

cos ξ f

(
−∆wn cos

(
ψ f + η f

)
− ∆we sin

(
ψ f + η f

))
,

B23 =
∂η̇ f

∂γaf
=

ρ

cos ξ f

(
−Vaf sin γaf sin η f

)
, (78)

B31 =
∂ξ̇ f

∂Vaf
= −ρ

(
sin γaf cos ξ f − cos γaf sin ξ f cos η f

)
, (79)

B32 =
∂ξ̇ f

∂η f
= −ρVaf

(
cos γaf sin ξ f sin η f

)
(80)

− ρ sin ξ f
(
−∆wn sin

(
ψ f + η f

)
+ ∆we cos

(
ψ f + η f

))
,

B33 =
∂ξ̇ f

∂γaf
= −ρVaf

(
cos γaf cos ξ f + sin γaf sin ξ f cos η f

)
. (81)

Matrix B(I f (t)) is invertible if ���B(I f (t))��� = −
ρ4V 2

a f
cosγa f

cos ξf , 0, which implies that ρ , 0, Vaf , 0, and ξ f , π
2 . Since ρ

is the inverse of the distance between the leader and follower UAVs, which is always nonzero, and Vaf , 0 is always
true for a fixed-wing UAV, the system is observable if the leader is not right above the follower.

u̇ = B−1
[
k2z − k1ėα − eα + α̈d − Aα̇

]
. (82)
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Fig. 4 Screen shot of a simulation run.

VII. Simulations Results
In order to evaluate the performance and feasibility achieved by the derived relative dynamics and the formation

controller described in Sections III and VI, numerical simulations were performed using MATLAB/ Simulink (see
Fig. 4). The follower UAV keeps a predefined formation with respect to the leader UAV using the local information of
the two UAVs, i.e., the relative distance, elevation angles and azimuth angles. The leader UAV transmits its relative
azimuth angle, flight path angle, and airspeed to the follower UAV. As shown in Figs. 5 and 6 The leader was commanded
to follow a circular path (red line) with a constant airspeed of 25 m/s while the follower (blue line) converges to the
formation with a relative desired distance of 50 m (see top subfigure in Fig. 8). In Fig. 8, it also shows that the leader
azimuth angle ηl converged to the desired value of -100 degrees. The bottom subfigure in Fig. 8 shows ξ f follows
a desired angle of 20 degrees. Figure 7 confirms that the error in the distance and the fore-mentioned angles are
converging to zero. The controller commands are shown in Fig. 9.

VIII. Conclusion
In this paper, the relative dynamics were developed for a leader-follower UAV team, under the presence of wind.

A backstepping based formation control law was then developed using only the leader-follower’s local information.
Based on the derived dynamics model, the observability analysis was conducted and an extended Kalman filter was
developed to estimate the wind difference between the leader and follower UAVs. The proposed controller was tested
under different wind conditions and the simulation results show the effectiveness of the controller under an example
wind condition for a leader-follower UAV system to maintain a desired 3D formation where the leader was following a
circular orbit.

Acknowledgments
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Infrastructure Development program.
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Fig. 5 3D View of the leader and follower trajectories.

Fig. 6 Top-Down view of the trajectories of the leader and follower.
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Fig. 7 Distance and angles error.

Fig. 8 States: Distance and angles of the leader and follower UAVs.
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Fig. 9 Controller commands to the leader and Follower UAVs.
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